Abstract. We prove that Darboux transformations commute with the Lawson correspondence and we show that the property of completeness is preserved by this commutativity. We provide examples of these results. Two applications provide families of explicitly parametrized complete surfaces of constant mean curvature 1 and − √ 5/2 in H 3 , depending on 2 parameters and 1 parameter respectively. For special choices of the parameters, we get surfaces that are periodic in one variable and in particular complete cmc surfaces or cmc1 surfaces in H 3 , with any finite or infinite number of bubbles, "segments" or embedded ends of horosphere type. Moreover, we consider Ribaucour transformations for associated linear Weingarten surfaces in space forms. We show that such a transformation is a Darboux transformation (i.e., it is conformal) if and only if the surfaces have the same constant mean curvature. We prove that Ribaucour transformations for surfaces with constant mean curvature 1 (cmc1) immersed in the hyperbolic space H 3 produce embedded ends of horosphere type.
Introduction
Ribaucour transformations were classically studied by Bianchi [Bi] , [Bi2] to obtain new surfaces of constant Gaussian curvature from a given such surface. Although Ribaucour transformations for minimal surfaces were also classically known, the first examples were given in [CFT1] . Ribaucour transformations were extended to linear Weingarten surfaces in [CFT2] , [TW1] and applied to produce families of cmc surfaces in space forms.
The Lawson correspondence [La] associates isometric surfaces M and M of distinct constant mean curvature H and H , immersed in space forms of constant sectional curvature k and k respectively, such that k + H 2 = k + (H ) 2 . Whenever M is a minimal surface, then M is also referred to as a cmc cousin of M .
In this paper, we prove some properties of Ribaucour transformations, relate these transformations to the Lawson correspondence and provide some applications.
In general, a Ribaucour transformation between linear Weingarten surfaces is not a Darboux transformation, as was shown in [CFT2] . We show that the Ribaucour transformations between linear Weingarten surfaces which are conformal (hence Darboux transformations) are precisely those transformations for surfaces of the same constant mean curvature (Theorem 2.1).
Moreover, we prove that Ribaucour transformations for cmc1 surfaces in the hyperbolic space H 3 produce embedded ends of horosphere type (Theorem 2.2).
In [CFT1] , such transformations for minimal surfaces in the Euclidean space were shown to produce planar embedded ends. In Theorem 3.1 we prove that the Lawson correspondence [La] commutes with the Darboux transformation (or Ribaucour transformation for cmc surfaces). Although this result was known to Bianchi [Bi1] (see also [HJ] ), our proof is very useful for the applications in section 4 and it also allows us to show in Corollary 3.2 that the property of completeness is preserved by this commutativity.
We illustrate Theorem 3.1 with the following examples of parametrized surfaces: The cmc1 surfaces in R 3 associated to the cylinder by Ribaucour transformations [CFT1] and the minimal complete surfaces in S 3 associated to the Clifford torus [TW1] are related by the Lawson correspondence. The family of complete minimal surfaces in R 3 associated to the catenoid (resp. Enneper surface) by Ribaucour transformations obtained in [CFT1] and the family of complete cmc1 surfaces in H 3 associated to a catenoid cousin (resp. Enneper's cousin) obtained in [TW2] are in correspondence as in Theorem 3.1.
We provide two applications of Theorem 3.1. In the first one, we consider a Bonnet family of minimal surfaces in R 3 and their cmc1 cousins in H 3 . Since the minimal surfaces in R 3 associated to the Bonnet family by Ribaucour transformations were obtained in [LT] , we then obtain families of complete parametrized cmc1 surfaces in H 3 (Theorem 4.1 and Theorem 4.3). This family includes explicitly given parametrized cmc1 surfaces associated to cousins of the catenoid, depending on 2 parameters. According to the choice of one of the parameters, we produce surfaces that have infinitely many embedded ends of horosphere type or periodic surfaces in one variable that have any fixed number of embedded ends of horosphere type. Figure 2 exhibits a cmc1 surface associated to the singular cousin of the catenoid, and Figures 4-16 provide illustrations of cmc1 surfaces associated to an embedded cousin of the catenoid. Figures 18 and 19 exhibit a cmc1 surface associated to a nonembedded cousin of the catenoid obtained by Umehara-Yamada [UY] .
In the second application, we consider the cylinder of radius one in R 3 and its cmc cousin in H 3 , with H = − √ 5/2. By using the cmc surfaces associated to the cylinder by Ribaucour transformations, we then obtain a 1-parameter family of explicitly parametrized complete surfaces, with mean curvature H = − √ 5/2 in H 3 (Theorem 4.5). Moreover, according to the choice of this parameter, we produce surfaces that have infinitely many bubbles or "segments" or periodic surfaces in one variable that have any fixed number of bubbles or "segments". Figures 21-32 exhibit surfaces of this family. We should mention that surfaces in Euclidean 3-space R 3 with bubbles have been studied by Sterling-Wente [SW] . Such a surface was first found by Sievert [Si] . In [CFT2] , a large family of cmc cylinders with bubbles and Delaunay surfaces with bubbles in R 3 were obtained by using the Ribaucour transformation. These families include not only surfaces with a finite number of bubbles (in this case the surfaces are periodic in one variable), but also an infinite number of bubbles around the axis of rotation of the Delaunay surface or in the direction perpendicular to this axis. Cylinders with a finite or an infinite number of bubbles in S 3 were obtained in [TW1] .
We observe that, for a general cmc surface in R 3 , Burstall [Bu] showed that simple type dressings for real and pure imaginary parameters are equivalent to Darboux transformations. Hetrich-Jeromin and Pedit [HJP] proved that a Bianchi-Bäcklund transformation of a cmc surface in R 3 is necessarily a Darboux transformation, but not the converse. Kobayashi [Ko] showed that when one considers a round cylinder in R 3 , then the Bianchi-Bäcklund transformation is equivalent to a simple type dressing and hence to a Darboux transformation. We observe that cylinder bubbletons with cmc1 in H 3 and cmc0 in the sphere S 3 were constructed by Kobayashi, by numerical methods, using the DPW method [DPW] . These were also constructed by Schmitt [Sc] using CMCLab software.
In contrast to these numerical methods, all the families of cmc surfaces in space forms given in this paper and in the previous ones ([CFT1] , [CFT2] , [TW1] , [TW2] ) are described by explicit parametrizations, obtained by Ribaucour transformations. The parametrizations were also used to visualize all the surfaces.
In section 1, we recall the main results on Ribaucour transformations for linear Weingarten surfaces in space forms. In section 2, we obtain two properties of the Ribaucour transformations. Namely, we show that the only Ribaucour transformations for linear Weingarten surfaces which are Darboux transformations are those for surfaces with the same constant mean curvature. Moreover, we prove that Ribaucour transformations for cmc1 surfaces in H 3 produce embedded ends of horosphere type.
In section 3, we prove that the Lawson correspondence commutes with the Darboux transformation. We also show that the property of completeness is preserved by this commutativity. The applications of these results are given in section 4.
Ribaucour transformations for linear Weingarten surfaces in space forms
In this section, we recall the main results that will be used in the following sections; namely, the fact that Ribaucour transformations provide an integrable system of differential equations whose solutions enable us to obtain linear Weingarten surfaces in a space form M 3 from a given such surface and in particular cmc surfaces from a given such surface. For more details and proofs, see [TW1] and its references. Let M 3 (k), k = ±1, 0, be the simply connected space form of sectional curvature k and let L 4 be the set of points x = (x 0 , x 1 , ..., x 3 ) ∈ R 4 endowed with the pseudoRiemannian inner product given by x, y = −x 0 y 0 + 3 i=1 x i y i . We consider the hyperbolic three-space as the submanifold of
, with two connected components. It will be useful in section 4.
Consider an orientable surface
Let e i , i = 1, 2, be an orthonormal frame tangent to M and N a unit normal vector field defined on M . Denote by ω i the 1-forms dual to e i and ω ij , i, j ∈ {1, 2}, the connection forms which are defined by dω i = j =i ω ij ∧ w j , ω ij + ω ji = 0. The Gauss equation is given by dω 12 = ω 13 ∧ ω 32 − kω 1 ∧ ω 2 , where ω i3 = −ω 3i = de i , N , and the Codazzi equations are dω i3 = 2 j=1 ω ij ∧ω j3 . If the vector fields e i are the principal directions corresponding to the principal curvatures −λ i , i = 1, 2, then 
Condition a) can be rewritten as
and
One can also formulate a definition for surfaces locally associated by Ribaucour transformations.
A characterization of a Ribaucour transformation in a space form is given in terms of a system of nonlinear partial differential equations for h. However, the problem of obtaining h can be linearized by considering h = Ω/W . The following theorem provides a sufficient condition on Ω and W for a Ribaucour transformation to transform a linear Weingarten surface in a space form into another surface of the same type. We refer to [CFT2] and [TW1] for the proofs and details. 
is integrable. Any solution of (1), on a simply connected domain, whose initial condition satisfies
, and Ω, W is a nontrivial solution of (1) satisfying (2), then each surface of the family 
Moreover, each surface described by X is locally associated to X by a Ribaucour transformation and it is defined on
where T = αΩ 2 − γW 2 and Q = 2γΩW + βΩ 2 .
One can show that the first fundamental form of X is given byĨ =ω , where
and the principal curvatures −λ i are defined bỹ
By considering H constant, i.e., α = −H, β = 1 and γ = 0 in Theorem 1.1, we have the Ribaucour transformation for cmcH surfaces (H = 0 is the case for minimal surfaces), given by the following theorem: 
Then any solution of (6) on a simply connected domain, whose initial condition satisfies
where S is given by (3), will satisfy (8) identically. If M is locally parametrized by
, and Ω, W is a solution of (6) satisfying (7) and (8), then each surface of the family 
We observe that (7) is a necessary condition for a nontrivial solution to satisfy (8). Moreover, the first fundamental form of X is given byĨ =ω 
and the principal curvatures −λ i are defined by
One observes that given a cmcH surface, a Ribaucour transformation, generically, provides (locally) a 3-parameter family of cmcH surfaces associated to the given surface. For later use, by considering a surface parametrized by lines of curvature X(u 1 , u 2 ), we rewrite the integrable system (6) as a system of differential equations for Ω, Ω i , W as follows:
In general, a Ribaucour transformation between linear Weingarten surfaces, given by Theorem 1.1, is not a Darboux transformation (see for example [CFT2] , p. 278). In the next section, we will show that the Ribaucour transformations between linear Weingarten surfaces which are conformal (hence Darboux transformations) are precisely those transformations for surfaces of the same constant mean curvature.
Properties of the Ribaucour transformation
In this section, we obtain two properties of the Ribaucour transformations. Namely, we show that the only Ribaucour transformations for linear Weingarten surfaces which are Darboux transformations are those for surfaces with the same constant mean curvature. Moreover, we prove that Ribaucour transformations for cmc1 surfaces in H 3 produce embedded ends of horosphere type. We recall that such transformations for minimal surfaces in R 3 were shown to produce embedded planar ends in [CFT1] . (5) that
In each case, assuming that H is not constant on M , we will obtain a contradiction.
Assume (14) occurs.
we have β = 0, since otherwise we would have γW = 0. Therefore, h = Ω/W = −2γ/β and βdΩ+2γdW = 0. It follows from (1) that Ω i (β −2γλ i ) = 0 on V , for i = 1, 2. Observe that 1 + hλ j = 0 for all j. In fact, since the subset M 0 of a Ribaucour transformation is a surface, the functions 1 + hλ j , j = 1, 2, do not vanish (see [CFT1] , [TW1] ). It follows that we have β − 2γλ i = 0. Therefore, Ω i = 0 for all i. Hence Ω and W are constant and it follows from the third equation of (1) 
We conclude that λ 1 = λ 2 is a constant and H is constant, which is a contradiction. If (15) occurs, then
Since M satisfies α + βH + γ(K − k) = 0, and γ = 0, we have that
i.e., (W + Ωλ 1 )(W + Ωλ 2 ) = 0. This is equivalent to (1 + hλ 1 )(1 + hλ 2 ) = 0, which is a contradiction. We conclude that H is constant andH = H.
In [CFT2] , it was shown that Ribaucour transformations for minimal surfaces produce embedded planar ends. In our next result, we show that Ribaucour transformations for cmc1 surfaces in the hyperbolic three-dimensional space produce embedded ends of horosphere type.
An end of a cmc1 surface in H 3 is called regular if the hyperbolic Gauss map of the surface has no essential singularity at the end. Otherwise, the end is called irregular. Results of Earp-Toubiana [ET] and Lima-Rossman [LR] prove that a regular end with finite total curvature is proper and it is asymptotic to a catenoid cousin or a horosphere. We will show that Ribaucour transformations for cmc1 surfaces in H 3 produce ends that are asymptotic to horospheres. Let X : M → H 3 be an immersion of a cmc1 surface. The unit normal vector N of X is a map from M into the De Sitter space
, which is called the hyperbolic Gauss map of X. The geometric interpretation of G is the following: for each point (u 1 , u 2 ) of M , the oriented normal geodesic starting from X(u 1 , u 2 ) meets the ideal boundary ∂H 3 of H 3 at G(u 1 , u 2 ). We now consider a Ribaucour transformation for surfaces X and X as in Theorem 1.1. Assume that p 0 is a point that annihilates S, where S is given by (3). We want to find out the behavior of X in a neighborhood of p 0 . For minimal surfaces in R 3 , one can show (see [CFT1] ) that lim
an embedded planar end on the surfaceX. In the case of cmc1 surfaces in H 3 , one has a similar behavior, replacing the unit normal vector by the hyperbolic Gauss map. This is the content of our next theorem, where we also show that p 0 produces an embedded horosphere type end. We should mention that the first results in this direction were obtained in [TW2] for the family of surfaces associated to an Enneper cousin and to the singular catenoid cousin. 
Proof. Since X is a cmc1 surface, one can assume that in local coordinates the first and second fundamental forms of X are given bỹ
2 ) + I, where I is the first fundamental form of X and (16) (
It follows from (9) and (10) that
Moreover, it follows from (3) that
and lim
In order to show that p 0 is an embedded horosphere type end, we consider X given by (9) in the upper half space model, i.e.,
where X j is the j-th coordinate function of X. It follows from (9) that
where the lower index ", i" means the partial derivative with respect to u i and
.
where
The hyperbolic Gauss map in the upper half space model is given by
, where without loss of generality we are assuming that p 0 is not a pole of G. Moreover, G is meromorphic and Z
It follows from (17) and (18) 
,12 (p 0 ) = 0 and it follows from (16) that
In other words, we have
By considering the Taylor expansion of Z(u 1 , u 2 ) around the point p 0 = (u 0 1 , u 0 2 ) and changing variables
we conclude that
where lim
R(x, y) x 2 + y 2 is finite. Therefore, p 0 is an embedded horosphere type end (see [ET] , [LR] ).
Lawson correspondence and Darboux transformation
In this section, we give a new proof of the fact that the Lawson correspondence commutes with the Darboux transformation (or Ribaucour transformation for cmc surfaces). This result was known to Bianchi as one of his permutability theorems [Bi1] (see also [HJ] ). The proof given in this paper will be very useful for the applications given in section 4 and also for proving that the property of completeness is preserved by the commutativity.
Consider a simply connected surface M of constant mean curvature H, contained in a space form M 3 (k), with induced metric I and shape operator A. Let H be
Observe that A is symmetric and has the same eigenvectors as A. Moreover, the pair I, A satisfies the Gauss and Codazzi equations for a surface M , isometric to M , with constant mean curvature H , in the three-dimensional space form M (k ) with constant curvature k = k − (H ) 2 + H 2 . We say that M and M are related by the Lawson correspondence [La] . When M is a minimal surface, M is also referred to as a cmc cousin of M . In particular, minimal surfaces of R 3 (resp. S 3 ) correspond to cmc1 in H 3 (resp. R 3 ). Let M be a surface of constant mean curvature H, with no umbilic points, contained in a three dimensional space form M (k). Consider M to be the surface of constant mean curvature H = H contained in M (k ) that corresponds to M by the Lawson correspondence, where
LetM ⊂ M 3 (k) be a cmcH surface associated to M by a Ribaucour transformation as in Theorem 1.2, with constant c satisfying (7). Similarly, consider M ⊂ M 3 (k ) to be a cmcH surface associated to M by a Ribaucour transformation with constant c satisfying (7), where k is replaced by k . Our next result shows thatM andM are related by the Lawson correpsondence; i.e., the following diagram commutes:
where the constants c = 0, c = 0 and the solutions of the corresponding Ribaucour transformations are related as follows: 
and H associated to M and M by a Ribaucour transformation as in Theorem 1.2, with constants c and c respectively satisfying (7). Let I be the induced metric on M and let −λ i be the principal curvatures. It follows from (11) and (12) that the metricĨ and the principal curvatures −λ i of the surfaceM are given by
where Ω and W are solutions of (6).
Since M corresponds to M by the Lawson correspondence, its metric is I = I and its principal curvatures are
Now consider c , Ω and W defined by (24). It is easy to see that the functions Ω and W satisfy the system of equations (6) for the constants c and k . A straightforward computation also shows that the algebraic condition
Therefore, these functions define the surfaceM of constant mean curvature H associated to M by Ribaucour transformation with the constant c . Moreover, it follows from (11), (12), (27) and (24) that the metric ofM is given bỹ
and the principal curvatures ofM are given by
We conclude from (25) and (26) Proof. From Theorem 1.2, we know that X and X are defined on the set U punctured at the points that annihilate Ω(W − HΩ) and Ω (W − H Ω ) respectively. Therefore, item a) follows from the relations (24) and b) follows from Theorem 3.1 and the fact that X and X are isometric.
Applications
In this section, we will first show some examples of Theorem 3.1 with surfaces that are already known and then we will obtain new families of constant mean curvature surfaces by applying this theorem.
Example a). The cmc1 surfaces in R
3 associated by Ribaucour transformations to the cylinder (see [CFT2] ) and the minimal surfaces in S 3 associated to the Clifford torus [TW1] are related by the Lawson correspondence. In fact, we observe that the cmc1 cylinder and the Clifford torus are related by the Lawson correspondence. In order to apply Theorem 3.1, we need to consider the cylinder parametrized by
and the Clifford torus by
With these parametrizations, the metric of both surfaces is given by I = The cmc1 surfaces in R 3 , associated to the cylinder by the Ribaucour transformation, were obtained in [CFT2] . By considering the parametrization (28), the solutions of (6) are given by
where r(u 1 ) and s(u 2 ) satisfy the differential equations
..
where the dots mean derivatives. The solutions of (6) for the Clifford torus were obtained in [TW1] and they satisfy Ω = Ω, W = W − Ω, c = c − 1 as in Theorem 3.1.
Our next example will consider the family of minimal surfaces in R 3 associated to the catenoid by Ribaucour transformations and the cmc1 surfaces in H 3 associated to the singular catenoid cousin. Later in this section, we will consider other cmc1 cousins of the catenoid. We start by solving the system of equations (13) of the Ribaucour transformation for the family of homothetic catenoids in R 3 parametrized by (29) X(u 1 , u 2 ) = γ 2 (cos 2u 2 cosh 2u 1 , sin 2u 2 cosh 2u 1 , −2u 1 ), where (u 1 , u 2 ) ∈ R 2 . The first fundamental form and the principal curvatures −λ i are given by
φ 2 , where φ = γ cosh 2u 1 . Then it follows from the computations of [CFT1] that the solution of the system (6) with H = 0, k = 0, for the catenoid, is given by
and the initial conditions for r and s must satisfy
Example b). The family of minimal surfaces in R
3 associated to the catenoid (γ = 1) by Ribaucour transformations was obtained in [CFT1] . Their properties in terms of planar embedded ends were extensively studied. The so-called singular catenoid cousin is the cousin of the catenoid (29) where γ = 1.
The family of cmc1 surfaces in H 3 associated to the singular catenoid cousin obtained in [TW2] is in correspondence as in Theorem 3.1. In fact, the singular catenoid cousin is given by
where φ = cosh(2u 1 ) and u = (u 1 , u 2 ) ∈ R 2 . The metric of the catenoid and its cousin is given by I = cosh 2 2u 1 (du 2 1 + du 2 2 ) and the principal curvatures are related as in the Lawson correspondence. Now consider the system (6), with k = −1 and constant c , for the catenoid cousin. One can see that the solution of this system obtained in [TW2] satisfies the property of Theorem 3.1 with c = c + 1. It follows from (24) that the cmc1 surfaces associated to the singular catenoid cousin by the Ribaucour transformation can be parametrized bỹ
where W and Ω are given by (31), γ = 1, c = 0, c = −1 and N is the unit vector field normal to X given by
Moreover, it follows from Theorem 2.2 that for each pair (u 1 , u 2 ) where W vanishes the cmc1 surfaceX has an embedded horosphere type end (this was already proved in [TW2] ). The minimal surfaces in R 3 associated to the catenoid were extensively illustrated in [CFT1] . Figures 1 and 2 exhibit the singular cousin of the catenoid in the halfspace model of H 3 and a cmc1 associated surface corresponding to the parameter c = −3 with r = cosh(4u 1 ) and r = sin(4u 2 ). For each pair (0, u We observe that the singular catenoid cousin parametrized by (33) (see also [MRR] ) is the same as the dual Enneper cousin considered in [RUY] .
Example c).
In this example, we want to consider the Enneper surface and its cmc1 cousin in H 3 , whose associated surfaces by Ribaucour transformations were investigated in [CFT1] and [TW2] , respectively. In order to apply Theorem 3.1, we consider the Enneper surface in R 3 parametrized by
With this parametrization, the metric is given by I = ϕ 2 (du 
s −r − s) + φ(r − s) .
We define
Now we consider the Enneper cousin parametrized by
(u 1 , u 2 ) ∈ R 2 . Applying Theorem 3.1, it follows from (24) that the solution of the Ribaucour system for the Enneper cousin is given by
where c = c + 1. This is the solution obtained in [TW2] . The minimal surfaces in R 3 associated to the Enneper surface were illustrated in [CFT1] .
Our next result will provide new 3-parameter families of cmc1 surfaces in H 3 by applying Theorem 3.1 to the Bonnet family of minimal surfaces in R 3 associated to the catenoid and its cmc1 cousins in H 3 . We observe that the minimal surfaces in R 3 associated, by Ribaucour transformation, to the Bonnet family were obtained in [LT] , by considering Liouville parameters, i.e., the Weierstrass data was given by g(z) and f = 1/g z , where z = u 1 + iu 2 . Since we want to consider the family of cmc1 cousins in H 3 , we should consider a more general family of minimal surfaces in R 3 , whose fundamental forms are
(the cousin surfaces differ according to the values of ν); i.e., the Weierstrass data is given by g(z) and f = 2ν/g z and
In this case, the system of equation (6) reduces to (see Proposition 2.1 in [LT] )
For our next result, we consider the Bonnet family described by the Weierstrass data
For this family,
We observe that this family of surfaces includes the catenoid and the helicoid and their corresponding cmc1 cousins in H 3 . 
where ϕ is given by (36)
Proof. Consider the minimal surfaces in R 3 whose Weierstrass data is given by (35). Then the fundamental forms are given by
where ϕ is given by (36). The principal curvatures are −λ 1 = −2ν/ϕ 2 and −λ 2 = λ 1 .
Observe that the metric satisfies ϕ zz = μ 2 4 ϕ. We will denote by Ω 0 , W 0 the solutions of the Ribaucour transformation (34) with constant c 0 , for this family of minimal surfaces. The same computations used in [LT] show that these solutions are given by
We now consider the family of cmc1 surfaces in H 3 , whose Weierstrass data is given by (35). Hence its fundamental forms are given by
It follows from Theorem 3.1 that the solution of the Ribaucour transformation for this family of cmc1 surfaces (cousins of the Bonnet surfaces) is given by
Therefore, it follows from (41) and (42) that (38) holds and
This implies that (39) and (40) are satisfied. We conclude that the cmc1 surfaces in H 3 associated to the cousins of the Bonnet family are parametrized by (37).
Remark 4.2. The function F given by (39), when β = 0, can be rewritten as (43)
Moreover, in the first case, i.e., |b 3 | > 0, any surface of the family X is defined for z ∈ C\ {z k }, where z k is such that
A special case of the family of cmc1 surfaces obtained in Theorem 4.1 is given by the Ribaucour transformations of the catenoid cousins. In Example b), we considered the singular catenoid cousin that corresponds to μ = 2 and ν = −1 and the associated cmc1 surfaces.
Excluding the singular catenoid, the general family of catenoid cousins in H 3 , for any μ, ν and real α = μ 2 + 4ν/2 = 0 is parametrized by (see also [MRR] )
As a consequence of Theorem 3.1, the cmc1 surfaces in H 3 associated to X by a Ribaucour transformation are given by
where X is given by (45), the parameter c ∈ R \ {0, −1}, φ, Ω and W are given by
2 ) = 0. As a consequence of (11) and (12), the first and second fundamental forms of the surfacesX are given by
One can see that the functions r(u 1 ) and s(u 2 ) are given by
Observe that the first and second fundamental forms given by (47) are invariant under the change of variables (u 1 , u 2 ) → (u 1 , u 2 +B/|μ 2 −4cν|). Therefore, without loss of generality, we may consider B = 0. Moreover, we observe that different values of A provide distinct first and second fundamental forms. Hence the surfaces are not taken into each other by rigid motions of H 3 . We also observe that, by construction, the cmc1 surfacesX given by (46) are associated by the Lawson correspondence to the minimal surfaces obtained from the catenoid in R 3 by using the Ribaucour transformation. Examples of such minimal surfaces with distinct values of the parameter A are given in [CFT1] (see Figures 5-8 there) . These surfaces are certainly not taken into each other by rigid motions of R 3 . There is a special class of surfaces described byX which are periodic in one variable. Namely, for any value of c such that
we get a surface periodic in the variable u 2 , whose period is mπ/α. Assuming that n/m is irreducible, the integer n corresponds to the number of embedded ends of horosphere type and m corresponds to the geometric index of the two ends which are of catenoid type. Moreover, the surface has total curvature −4π(n + m).
Whenever c does not satisfy (48), the surface given by (46) is not periodic in any variable and has infinitely many embedded ends of horosphere type.
As an example of such surfaces, we will consider the embedded catenoid cousin in H 3 described by (45) where μ = 2 and ν = 5/4; hence α = 3/2. Figure 3 shows this catenoid cousin. In this case, for any c = 0 such that c < 4/5 and c = 1 5 (4 − 9 n 2 m 2 ), where n/m is an irreducible rational number, we get a cmc1 surface which is periodic in u 2 .
Figures 4, 5 and 6 exhibit the cmc1 surfaces associated to this catenoid cousin, parametrized by (46), when n = 2, n = 3, n = 4 respectively and m = 1, A = 0. Figure 7 shows a view of half of the surface corresponding to n = 4 and m = 1 and Figure 8 shows a top view of Figure 7 .
We observe that some of the surfaces of the family may be contained in the lower half-space component of the hyperbolic space (or the external component of the ball in the Poincaré ball model). This is the case when n = 4, m = 5 and n = 8, m = 9. Figure 9 exhibits the surface, corresponding to n = 4, m = 5, A = 0, reflected to the upper half-space (or internal component of the ball). Figure 10 shows a top view of half of the surface corresponding to u 2 > 0. Figure 11 exhibits the surface, corresponding to n = 8, m = 9, A = 0, reflected to the upper half-space (or internal component of the ball). Figure 12 shows a top view of half of the surface, and Figure 13 shows an inner view of a section of Figure  11 . Figure 12 shows a top view of half of the surface. Figure  13 shows an inner view of a section of Figure 11 .
The choices of the values for the parameter A, may affect the surface. See, for example, in Figure 14 and Figure 15 , the surfaces corresponding to n = 8, m = 9 where A = −1 and A = −1/2 respectively. The surface is reflected to the upper half space (or internal component of the ball).
For any value of c ∈ R \ {−1, 0} such that c > 4/5 or c < 4/5 and √ 4 − 5c/3 is not a rational number, the cmc1 surface described by (46) is not periodic in any variable and has infinitely many embedded ends of horosphere type.
A particular cmc1 surface in H 3 is obtained by considering μ 2 − 4cν = 0, i.e., in this case c = 4/5. Part of this surface can be visualized in Figure 16 . We observe that the familiy of cmc1 surfaces described by (46) contains the cmc1 surfaces given by Umehara-Yamada (see [UY] , Example 7.3). In fact, we get these surfaces by considering in (46) α = 1/2, m = 1, A = 0 and ν = (1 − μ 2 )/4. By choosing c = (μ 2 − n 2 )/(1 − μ 2 ), where n is an integer, we get the family of cmc1 surfaces decribed by their Weierstrass data in [UY] (their m corresponds to our n). Figure 17 shows half of the (nonembedded) catenoid cousin in the hyperbolic space, when we consider α = 1/2 and μ = 5/2. Applying the Ribaucour transformation to this surface, one gets a family of cmc1 surfaces depending on the parameters c and A. In particular, when c = (
, where n and m are integers and n/m is irreducible, we get a surface periodic in u 2 .
In Figures 18 and 19 we visualize the surface corresponding to n = 3, m = 1 and A = 0. When m = 1 or A = 0, we get cmc1 surfaces that are distinct from the ones given in [UY] . Moreover, when c = ( Proof. As we have seen in Theorem 4.1 and Remark 4.2, the parametrization of M is given by (37), (38), where F is rewritten as in (43). When |b 3 | = b 1 = 0 or |b 3 | = b 2 = 0 the surfaces X have no additional ends, so X is complete whenever X is complete.
We now consider the case when |b 3 | = 0. Let X be defined by (37) on C\{z k }, where z k is given by (44) . In order to show that each surface of the family X is complete, we need to show that every divergent curve in X has infinite length. Such X(z(t) ,z(t))), the length of X(z(t),z(t)) is infinite.
Proof of Claim 1. From (43) one has
so, in the neighborhood of z k , one has
By consideringĨ = ϕ 2 dzdz, we have
is determined by (11).
which concludes the proof of Claim 1.
From (11), (16) and (38) we have that
Since ϕ is given by (36),
4(cosh(Re(βz) + C) + sin(Im(βz) + B)) .
We consider ε > 0, δ > 0 and
From |β| = 1 we observe that
It follows from (50) that
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Hence, we just need to prove that
|β| 2 −1 , we have that
This concludes the proof of Claim 2.
Proof of Claim 3. We can choose δ 2 > 0 such that, for all z ∈ T \D, | sin(
for all z ∈ T \D. By using (53) we conclude the proof of Claim 3.
Proof of Claim 4. We consider ε 1 , δ 2 , ρ = min{ρ 1 , ρ 2 }, L = max{L 1 , L 2 } as in Claim 2 and Claim 3, and
On the other hand, if |β| = 1, and ∀ t 2 ≥ t 1 , there exists t > t 2 , such that z(t) ∈ T \D, then z(t) intersects transversally an infinite number of subsets T k . From Claim 3, we have that ϕ(z(t)) ≥ ρ on T k . Since the width of each T k is 2(π − δ 2 ), we conclude that X(z(t)) = ∞. If |β| = 1 and ∀ t 2 ≥ t 1 , there exists a t > t 2 , such that z(t) ∈ T ∩ D, then z(t) intersects transversally an infinite number of subsets T ∩ D k . It follows from (52) and (50) that, if z ∈ T ∩ D, then for all δ < π/2, and ∀ |z| > L, we have ϕ(z) ≥ ρ 3 for some ρ 3 . Since the width of each T ∩ D k is 2δ, we conclude that X(z(t)) = ∞, which concludes the proof of Claim 4. It follows from Claim 1 and Claim 4 that X is complete, which concludes the proof of Theorem 4.3.
As an immediate consequence of Theorem 4.3 and Corollary 3.2 we obtain the following result. where c = 0. Therefore, from Theorem 1.2 we conclude that the family of surfaces in H 3 , associated to X , with cmc H = − √ 5/2 is given bỹ
where the initial conditions must satisfy the algebraic relation (
,
Now it follows from the expression ofX and from (61) that we can consider
Moreover, one can easily see that the first and second fundamental forms of the surfaceX are invariant under the change of variables (u 1 , u 2 ) → (u 1 +A/ |c|, u 2 + B/ |1 − c|). Hence the surfaces with different values of A and B are taken into each other by rigid motions of H 3 . Therefore, without loss of generality we may consider A = B = 0, i.e., (60) holds.
Similar arguments for c > 1 show that f and g are given by (60). Moreover, we observe that f − g never vanishes. Finally, it follows from Corollary 3.2 that each constant mean curvature surface in H 3 described by the familyX is complete.
Remark 4.6. In Theorem 4.5, we started with the cousin of the Euclidean cylinder of radius 1 parametrized by (55). This is a cmcH surface in H 3 (see Figure 20) , with H = − √ 5/2 and, by means of Ribaucour transformations, we obtained a family of cmcH surfaces in H 3 given by (55) which is defined for any value of the parameter c, such that c < 0 or c > 1 and c = (
This family contains a special class of surfaces which are periodic in one variable. Namely, whenever c = ( √ 5 + 1)n 2 /(2m 2 ) and n/m > 1 is any rational number, we get a surface periodic in the variable u 1 , whose period is 2πn/ √ c. For c in the open interval (1, ( √ 5 + 1)/2) one can also get such surfaces by choosing c = ( √ 5 + 1)n 2 /(2m 2 ), where n/m is a rational number satisfying ( √ 5 − 1)/2 < n 2 /m 2 < 1. The integer n corresponds to the number of bubbles or "sections" of the surface and m corresponds to the geometric index of the two ends (see [CFT2] ).
Figures 21, 22 and 23 exhibit the surfaces for n = 2, n = 3, n = 4 and m = 1, Figure 24 shows half of Figure 23 We observe that some of the surfaces of the family may be contained in the lower half-space component of the hyperbolic space (or the external component of the ball in the Poincaré ball model). This is the case when n = 4, m = 5 and n = 8, m = 9. In this case, the integer n corresponds to the number of "sections" and m corresponds to the geometric index of the ends. Figure 26 exhibits the surface corresponding to n = 4, m = 5, reflected to the upper half-space (or internal component of the ball). Figure 27 shows a top view of half of the surface and Figure 28 shows part of the surface close to an end corresponding to the domain 6.95 ≤ u 2 ≤ 7. Figure 29 exhibits the surface corresponding to n = 8, m = 9, reflected to the upper half-space (or internal component of the Poincaré ball). Figure 30 shows a top view of the lower half of the surface corresponding to u 2 ≥ 0 and Figure Figure 26 Figure 27 For other values of c, i.e. c < 0 or c > 1 and c( √ 5 − 1)/ √ 2 is not a rational number, the surfaces are not periodic in any variable and have infinitely many bubbles or sections. Figure 32 illustrates such a surface for c = −3/2. The figure shows the part of the surface corresponding to the domain −1 ≤ u 1 ≤ 1 and −7 ≤ u 2 ≤ 7.
Figure 32
Part of a cmcH surface in H 3 associated by a Ribaucour transformation to the cmcH cylinder of Figure 20 . It has infinitely many bubbles in both directions approaching the boundary of the Poincaré ball model.
